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The concept of weak convergence of measures on topological spaces depends on 
a topology of the space. In this paper we discuss the relationship between weak 
convergence of measures on a separable Hilbert space H equipped with IV-* and 
strong topology. Starting from this point we rederive a well-known condition for 
the weak convergence on H, hoping to shed a new light on this matter. 0 1989 
Academic Press, Inc. 
1. DIFFERENT CONCEPTS OF WEAK CONVERGENCE 
Let H be a real separable Hilbert space. Let I/.[[ be the inner product 
norm and let { ei>yz i be an orthogonal basis with respect to lj.)I. We shall 
consider two topologies on H: the strong (norm) topology and the 
w-* (weak-star, or, what is the same here, weak) topology. Accordingly, 
two a-fields can be defined on H: &?-the a-field generated by norm open 
sets-and gw,-the a-field generated by w-* open sets. It is a well-known 
fact that 6!Zi~=.%?,,,. So, the concept of measure is not different in these two 
topologies. But the concept of convergence is. For convenience, let us recall 
the following 
DEFINITION 1. Let S be a topological space and p, p,, (n = 1, 2, . ..) 
measures defined on Bore1 a-field of S. We say that pL, weakly converges to 
p (p, * p) if for every bounded continuous functionf: S H R, the following 
holds: 
j/w &l(x) + ~/(x~ 44x), as n+co. (1) 
DEFINITION 2. We say that a set M of measures on S is (weakly 
sequentially) relatively compact if every sequence of measures in M 
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contains a further subsequence which is weakly convergent in the sense of 
Definition 1. 
In what follows, H, will denote H with the strong (norm) topology and 
H, will mean H with the W-* topology. It is clear that e, -+ 0 in H,, but e, 
does not converge in H,. Therefore, if ~1, is a unit mass at e,, then p,, 
weakly converges in H,., but not in H,. 
2. SOME RESULTSON WEAK COMPACTNESS IN H 
THEOREM 1. Let {p, } be a sequence of positive measures on H, 
sup, pL,( H) = M < m. Zf 
and 
run*P in H, (2) 
then 
liy s;p CL, 
( 
f (x, e,)’ 2 c) = 0, for all E > 0, (3) 
i=N 
&l*CL in H,, (4) 
Proof By Theorem 2.1. in Billingsley [l], we need to show that the 
relation (1) holds for every uniformly norm continuous and bounded 
function f: H, H R. Let us define gN(x) =gN(x; 1 (x, e) ei) = 
CL”=, (4ei)ej.Then IIgN(X)-gN(Y)II =Ilci”=, (x-~,e~)e~ll S~llx-yll, 
so g is a uniformly continuous function for every N. Let f be any uniformly 
norm continuous real valued function of H,, supxsH 1 f (x)1 = Mp Define 
dN(x) = f (x) -f ( gN(x)). Let 6 > 0 be fixed. By uniform continuity off it is 
possible to find E > 0 so that 11x - gN(x)ll 2 < E implies IdN(x)l < 6, for every 
integer Nz 1. By condition (3), for such an E, one can find N,, so that for 
every N 2 N, we have 
& f (X,ei)‘lE <6, foreveryn. 
i i=N I 
SO, assume that N 1 N,, is given. Then we have 
< 6M + 2M,6 = 6( M + 2M/), 
and this holds for all n. 
(5) 
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By continuity off, the fact that gN(x) + x as N-* cc and the dominated 
convergence theorem, for Nz N, we have 
II fkN(X)) 44x) - jr(x) 44x) < 6. (6) 
Since f( g( .)) is a continuous bounded function on H,., by assumption (2) 
we have that for n 2 n,. 
where N 2 max(N,, N, ) is fixed. Finally, combining (5), (6), and (7) we get 
Isf(x) d&(x) - jf(x) L@(X)] 5 6(2 + M+ Mf), which gives the desired 
result. 
THEOREM 2. Let p, be a sequence 
sup, p,, = M-C co. Then (4) implies (3). 
Proof. For every integer N > 1, the set 
r 00 
of positive measures on H, 
A,= x: 1 (x,e,)‘>=& 
i=N 
is closed in the norm topology and 
A,IA~.+.; fi A,=0. 
N=l 
(8) 
Assume (4). Then by Theorem 2.1 in [ 1 ] we have 
Kii Pi 5 AAN). (9) 
n 
For E, >O arbitrary, but fixed, let No be such that p(ANO) 5 6,/2 (it is 
possible by (8)). Then (9) gives 
iii-ii pL,(AN,,) s .5,/2. (10) ” 
So, there are only finitely many measures, say ,uL,,, p,,, . . . . P,,~ such that 
p,,,(A,) 2~~. By (8) there is an integer N, > No such that pni(AN,) <E, for 
i= 1, . . . . k. Then again by (8) we have sup,p,,(A,)~~, for all N&N,, 
which proves (3). 
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THEOREM 3. Let .&l be a set of positive measures on H such that supPE M 
p(H) = M < 00. Suppose that A is relatively compact in H,. Then A is 
relatively compact in H, if and only if 
(x,e,)‘Ls 
> 
=O, for every E > 0. (11) 
Proof: Let AZY be a relatively compact set of positive finite measures in 
H,,. Let pn be a sequence in M. Then there is a weakly convergent in H,, 
subsequence p,,, * p for some p. Then by Theorem 1, (11) implies weak 
convergence of pL, in H,. 
Conversely, suppose that A? is relatively compact in H, and (11) does 
not hold. Then there is an E > 0, and a A>O, such that for every n there 
exist an N >= n and a p, E A’, so that 
pL, f (x,e,)‘LE >A. 
i I i=N 
(12) 
The sequence p, has a weakly convergent subsequence in H,, which, 
together with (12), contradicts Theorem 2. Therefore, (11) holds. 
3. CONNECTION WITH KNOWN RESULTS 
Let p be a positive finite measure on H. The characteristic functional of p 
is defined by f (x) = j exp(i(x, y)) dp( y). It is well known (see [4]) that f 
is continuous in so-called Z-topology, determined by Hilbertian semi-norms 
(HSN)p with the properties Cz,p*(e,) < co, p(x)s Cllxll, where C is a 
constant that may vary with p. If a HSN p satisfies the above conditions, 
we say that p E Z. Corresponding inner products p( .) .) are defined in the 
usual manner through p( =). For details on this, see C2-43. It follows from 
the continuity off that for every E > 0 there is a HSN pp, E E Z (not unique!) 
such that for every x E H: 
P(H) - Ref (x) 5 P:, AX) + E. (13) 
In what follows, pc,E will always have the meaning described here. .A! will 
denote a set of positive measures on H, with supPs A p(H) = M < CO. 
~PJl,Elwu is a set of HSN that, for given E > 0, corresponds to p E A in 
the sense of (13). B, will denote a closed ball in H, with radius r, i.e., 
B,= {XE H: llxll sr}. If {e,} is an orthonormal basis in H, then for 
XE H, xi= (x, e,). 
THEOREM 4. A? is relatively compact in H, lyand only iffor every E > 0 
there is a set {P~,~}~~.~, such that SUP,,,,*~ C~,pt,,(e,)< CO. (14) 
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Proof. Let us first note that Prohorov’s theorem holds in H,. Namely, 
since H,, is the countable union of metrizable balls B, (r = 1,2, . ..). the 
assertion follows from Prohorov’s theorem in metric spaces and a standard 
diagonalization argument (see also [S]). By Prohorov’s theorem, the 
relative compactness of A! in H,. is equivalent to: 
for every E > 0 there is an r > 0 such that 
(15) 
for every p E A, p(B;) 5 E. 
We shall show that (14) is equivalent to (15): 
(i) Suppose that (14) holds. Let (p,,,} be as in (14). Let E > 0 be 
fixed and let N > 0 be a fixed integer. Let A,, N = { y: Cy!= r (y, ei)’ > r’>. 
For a YEA,,~, we have 1 - exp( --Cy= I ( y, ei)2/2r2) > 1 - exp( -4) > $. 
So, for every p E A, the following holds: 
&4r,.)/3<lA,N (1 -exp ( -igl yP2)) 44~) 
<P(H) - 1 exp (- 2 yf/2r2) 44~). 
i=l 
(16) 
Let 9 be a Gaussian measure on RN: d%(y) = ny=, &, i(dyi)T where 4, i is 
Gaussian X(0, l/r’). Then exp( -CT= r yf/2r2) is the characteristic 
functional of 9; so we have 
j exp ( - ig, yii2r’) 44.4 
=J~~IHexp(i~~Y;xi)d~(y)diB(x). (17) 
Let f,%‘(x) = l eXp(i CL1 J’iXi) dp(y). If X = Xi”= r Xiei, then fN(X) =f(x); SO 
by (13) we have Ref,(x) L p(H) -ps, ,(x) - E. Then from (17) it follows: 
=PW)-[~ ,$ XiXjPlr,e(ei, ej) H(X) - E 
&I- 1 
=AH)--(llr2) f p:,,(e)-c. 
i=l 
(18) 
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Now (16) and (18) imply 
lu Y: f (Y7ei)2> 
i i=l 
r’}<3 (~,Pt,i(ei))lli+Es 
Letting N + co and taking supremum over all /J E A, we obtain 
so (15) holds. 
(ii) Suppose now that (15) holds. For E > 0 fixed, let B, be the 
corresponding ball in the sense of (15). Let f,( .) be the characteristic 
functional of p E A. Then (15) implies 
5 (l-cos(X,y))~~(X))+2E f 4 
a+,[ <X,Y)2&(x)+2E. 
B. 
Define p,,, E by 
P&(Y) = (4) J-& (4 y>’ d/G). (19) 
It is not hard to see that pr,E 
v(H) II Y II/&. Moreover, 
is a Hilbertian semi-norm p,,.(y) 5 
iS Pi, kei) = f jB, bl12 44x) < r2W2, 
so pr, E E I and (14) holds. 
THEOREM 5. Suppose that .4 is relatively compact in H,. Then (20) and 
(21) below are equivalent.. 
For every E > 0, there is a { pfi,E}pE A such that 
lim,suP,., CjZ,P~,,(ei)=O. (20) 
For every E>O, lim,sup,.,~(C~, (~,e~)~>s)=O. (21) 
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ProojI Assume that (20) holds. Relation (13) implies 
Re s xp(i(x, Y>) 44~) >=P(H) - E -p&(y). 
Letting y = Tf= N ujej (a, real numbers, S and N integers, S 1 N> 0) and 
integrating with respect to nf= ,,,, 4(&q), where ,Y;w Jlr(O, 1) are i.i.d., we 
obtain 
lexp ( -f,gN (x9 ,j2) 44x) 
ZP(H)-E- i Pt,,(ej). 
j=N 
(22) 
Relation (22) holds for every E > 0, S 1 N > 0, p E 4. Letting S + co and 
using the monotone convergence theorem, we have 
s exp ( -4j!N <x9 ej)2) 44x) 
(23) 
j=N 
Let xj”= N & dej) = %(&k 4 c,“= N ( x, ej)‘=X(N). Then from (23) it 
follows that p(H) - E - S;(E) s f exp( -X(N)) dp(x) < (1 - exp( -,I)) 
P(X(N) 5 1) + exp( --A) p(H), for every N, p, E > 0 and 1, > 0. Thus, 
sup p(X(N) > 1) < (E + sup ??$,(&))I( 1 - exp( -1)). 
/LE.X Ice& 
Letting N + cc and then E -P 0 we obtain (21) (with I in place of E). Note 
that in this part of the proof we did not use the assumption that JZ is 
relatively compact in H,. 
Conversely, assume that M is relatively compact in H, and that (21) 
holds. As we have shown in the proof of Theorem 4, p,,, E defined by (19) is 
a seminorm satisfying (13). Further, 
Taking the supremum over p E &‘, letting N + 00, and, finally A+ 0, we 
obtain (20). 
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Remark 1. If (14) holds for some choice of { plr, E}fiE x, it need not hold 
for every choice. For example, let J be a sequence of measures, (P~~,~} a 
choice of seminorms for which (13) and (14) hold. Denote P~,,~ by P,,, and 
let S, = Cz 1 pz(ei)* If q2(x) = np2(x)/S,, then {q,, > is a choice of Hilbertian 
seminorms for which (13) holds, but not (14). A similar example can be 
found for (21). 
Remark 2. Relations (14) and (21) are well-known necessary and 
sufficient conditions for the relative compactness in H, (see Parthasarathy 
[3]). We have proved here that (14) is the condition for relative 
compactness in H,, whereas (21) is the additional requirement in H,. The 
separate condition in H, is useful in cases when we do not need stronger 
convergence, for example, when we want to establish the existence of a 
particular measure by construction of a sequence of measures that 
converges to it. 
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